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(a) Unoptimized

(b) Turbulent kinetic energy JTKE (momentum thickness JM and mean-flow kinetic energy JMFE are similar)

(c) Total kinetic energy JKE

(d) Enstrophy JENS

Figure 9. λ2 visualization of the velocity-field colored with the distance from the mixing center line for
parameters optimized to the different cost functionals with T = 40; profile 〈u1〉 (—); visualization of t = 0
(left) and of t = T (right)
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(a) Streamwise
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(b) Spanwise

Figure 10. Energy spectra of the flow on location z = 0 at t = 0 (−−) and at t = 40 (—); unoptimized
flow (no symbol), flow optimized for T = 40 towards total kinetic energy (M), and enstrophy (O); (a):
streamwise energy spectrum; (b) spanwise energy spectrum
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(a) Turbulent kinetic energy JTKE
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(b) Enstrophy JENS
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(c) Total kinetic energy JKE

Figure 11. Evolution of mixing measures in time of the unoptimized flow (—) and of the optimized flow
for T = 20 (−−) and for T = 40 (· · · ); optimized towards turbulent kinetic energy (a), enstrophy (b) and
kinetic energy (c).
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Appendix A. Boundary conditions of the adjoint problem

In this appendix the boundary conditions of the adjoint system are briefly outlined.
To this end the adjoint equations have to be defined in more detail, and the BT
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terms in Eq. (13) need to be identified.
The dimensionless linearized Navier-Stokes equations for incompressible flows

N ′(q) δq are

∂u′i
∂t

+
∂u′iuj

∂xj
+

∂uiu
′
j

∂xj
+

∂p′

∂xi
− 1

Re

(
∂2u′i
∂xjxj

+
∂u′j

∂xixj

)
= f ′i i = 1, 2, 3

∂u′j
∂xj

= 0 (A1)

with summation over the repeated indices, q = [u1, u2, u3, p], and δq =
[u′1, u

′
2, u

′
3, p

′]. The corresponding adjoint equations, which are derived using the
adjoint identity (13) are

−∂u∗i
∂t

− uj
∂u∗i
∂xj

− uj

∂u∗j
∂xi

− ∂p∗

∂xi
− 1

Re

(
∂2u∗i

∂xj∂xj
+

∂2u∗j
∂xj∂xi

)
= f∗i

∂u∗j
∂xj

= f∗4 (A2)

Remark that the sign of the time derivative, and the convective terms in the adjoint
equations are opposite to the forward linearized equations. Hence, the character-
istics in the adjoint equations propagate in reversed direction. As a result, the
adjoint problem needs to be calculated back in time [22].

For sake of a clear notation, we define some inner products integrating over
different parts of the domain:

(a, b) =
∫ T

0

∫

Ω
a(x, t).b(x, t) dx dt (A3)

(a, b)∂Ω =
∫ T

0

∫

∂Ω
a(x, t).b(x, t) dx dt

(a, b)ti
=

∫

Ω
a(x, ti).b(x, ti) dx

The boundary terms BT in Eq. (13) originate from the use of partial integration
to determine (A2) from (A1) using the adjoint identity in Eq. (13). These terms
can be split in three parts according to the part of the boundary over which they
integrate, i.e.

BT0 = − (u∗, δu)0 (A4)

BTT = (u∗, δu)T (A5)

BT∂Ωj
=

∫ T

0

∫

∂Ωj

(
(u′iuj + uiu

′
j)u

∗
i + p′u∗j + u′jp

∗) d∂Ωjdt (A6)

+
∫ T

0

∫

∂Ωj

1
Re

(
−u∗i

(
∂u′i
∂xj

+
∂u′j
∂xi

)
+ u′i

(
∂u∗i
∂xj

+
∂u∗j
∂xi

))
d∂Ωjdt

(no summation over j)

with ∂Ωj indicating the spatial boundary perpendicular to the spatial direction xj

(and j = 1, 2, 3).
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The boundary conditions of the adjoint equations should be determined such
that the Gateau-differential (cf. Eq. (16)), i.e.

δJ (q(φ), δφ) =
(
f ′, q∗

)−BT + δJ∂Ω(q(φ), δφ) + δJT (q(φ), δφ) (A7)

becomes independent of the solution δq of the forward problem. This is accom-
plished by isolating parts in the Gateau differential which integrate over the same
boundary, i.e. t = 0, t = T , or ∂Ωj . The requirement that each of these parts has
to be independent of δq leads to the boundary conditions for the adjoint equations.

First of all, the part of the Gateau-differential (16) which is integrated over the
spatial domain at the boundary t = 0 is

(u∗, δu)0 . (A8)

This term explicitly contains δu(0). However, if the initial velocity field is controlled
(as is the case in the current work), then δu(0) corresponds to δφ. Otherwise, δu(0)
equals zero.

The terms integrated over the spatial domain at the time boundary t = T are

(
∂JT (q(φ))

∂q
, δq

)

T

− (u∗, δu)T (A9)

To make this terms independent of δq(T ) the time boundary conditions at t = T
are

u∗i (T ) =
∂JT (q(φ))

∂ui
. (A10)

Starting from t = T the adjoint field is calculated back in time.
Finally, the boundary terms which are integrated over the spatial boundaries

remain. They correspond to

δJ∂Ωj
(q(φ), δφ)−

∫ T

0

∫

∂Ωj

(
(u′iuj + uiu

′
j)u

∗
i + p′u∗j + u′jp

∗) d∂Ωjdt

−
∫ T

0

∫

∂Ωj

1
Re

(
−u∗i

(
∂u′i
∂xj

+
∂u′j
∂xi

)
+ u′i

(
∂u∗i
∂xj

+
∂u∗j
∂xi

))
d∂Ωjdt

(no summation over j). (A11)

These terms are simplified significantly by taking the spatial boundary conditions
of the non-linear and forward linearized equations into account. These boundary
conditions partially prescribe both q and δq, or their derivatives on the spatial
boundary ∂Ωj such that several terms lose their δq dependence. The remaining
parts determine the adjoint boundary conditions.

In the current study, the boundary conditions for the forward system correspond
to periodicity in stream wise and span wise directions, and symmetry in normal
direction. In addition, J∂Ωj

= 0. For the directions with periodic boundaries it is
readily shown that (A11) is independent of δq when periodic boundary conditions
are also imposed for the adjoint problem. For the symmetry boundary condition in
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the normal direction, the corresponding adjoint boundary conditions on ∂Ω3 are

1
Re

(
∂u∗i
∂x3

+
∂u∗3
∂xi

)
=

∂J∂Ω3(q(φ))
∂ui

= 0 for i 6= 3 (A12)

u∗3 =
∂J∂Ω3(q(φ))

∂p
= 0. (A13)




