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Abstract— This paper focuses on time-optimal and time-energy
optimal path tracking, which are subproblems in optimal motion
planning of robot systems. Through a nonlinear change of
variables, the time-energy optimal path tracking problem is
transformed here into a convex optimal control problem with a
single state variable. A direct transcription method is presented
that reduces finding the globally optimal trajectory to solving a
second-order cone program using robust numerical algorithms
that are freely available. Application to a six-DOF KUKA
361 industrial robot carrying out a writing task illustrates the
practicality of the new method.

I. INTRODUCTION

Time-optimal and related motion planning is of significant
importance for maximizing the productivity of robot systems.
Instead of solving the motion planning problem directly in
the system’s state space, the decoupled approach [1] which
solves the motion planning problem in two stages, is often
preferred for its lower computational requirements. In the
first path planning stage, a high-level planner determines
a geometric path thereby accounting for task specifications,
obstacle avoidance and other high-level – usually geometric
– aspects [2], but ignoring lower-level – often dynamic –
aspects such as the dynamics of the robotic manipulator. In
the subsequent path tracking or trajectory planning stage, a
time-optimal trajectory along the geometric path is determined,
whereby the manipulator dynamics and actuator constraints are
taken into account [3]–[14]. To achieve less agressive use of
the actuators, time-optimality is often traded off against other
criteria such as energy [11].

The path tracking stage constitutes the focus of this paper.
Methods for time-optimal and related path tracking problems
subject to actuator constraints have been proposed in [3]–
[15]. While these optimal control methods can roughly be
divided into three categories, most exploit that motion along a
predefined path can be described by a single path coordinate
s and its time derivative ṡ [3], [4], [6]. Hence, the multi-
dimensional state space of a robotic manipulator can be
reduced to a two-dimensional state space.

The first category of methods are indirect methods, which
have have been proposed in [3], [4], [6] and subsequently
refined in [7], [9], [11], [13]. These methods are based on
numerical searches, and forward and backward integrations
to determine the points along the trajectory where changes

between the active actuator constraints occur and which unam-
biguously determine the solution of the path tracking problem.

The second category consists of dynamic programming
methods [5], [6], [15], while the third category consists of
direct transcription methods [10], [14]. In contrast with most
of the indirect methods which consider only time-optimality,
except [11] which considers time-energy optimality, the meth-
ods in the second and third category are able to take into
account more general constraints and objective functions, such
that time-optimality can be traded off against other criteria.

In this paper, the time-energy optimal path tracking prob-
lem, discussed in Sec. II, is transformed into a convex optimal
control problem with a single state variable through a non-
linear change of variables introduced in Sec. III. Section IV
shows that direct transcription [16] by simultaneous discretiza-
tion of the states and the controls, results in a reliable and
very efficient method to numerically solve the optimal control
problem based on second-order cone programming. Section V
illustrates the practicality of the new method by means of an
example of a six-DOF KUKA 361 industrial robot carrying
out a writing task. Section VI contrasts the proposed solution
method with the existing indirect methods [3], [4], [6], [7], [9],
[11], [13], dynamic programming methods [5], [6], [15] and
direct transcription methods [10], [14] and identifies aspects
of future work.

II. ORIGINAL PROBLEM FORMULATION

The equations of motion of an n-DOF robotic manipulator
with joint angles q ∈ Rn, can be written as a function of the
applied joint torques τ ∈ Rn as [17]

τ = M(q)q̈ + C(q, q̇)q̇ + Fs(q)sgn(q̇) + G(q), (1)

where M(q) ∈ Rn×n is a positive definite mass matrix
and C(q, q̇) ∈ Rn×n is a matrix accounting for Coriolis
and centrifugal effects, which is linear in the joint velocities,
Fs(q) ∈ Rn×n is a matrix of Coulomb friction torques, which
can be joint angle dependent, while G(q) ∈ Rn denotes the
vector accounting for gravity and other joint angle dependent
torques. In this paper, similarly as in [6], viscous friction is
not considered.



Consider a path q(s), given in joint space coordinates1, as
a function of a scalar path coordinate s. The path coordinate
determines the spatial geometry of the path, whereas the
trajectory’s time dependency follows from the relation s(t).
Without loss of generality, it is assumed that the trajectory
starts at t = 0, ends at t = T and that s(0) = 0 ≤ s(t) ≤ 1 =
s(T ). For the given path, the joint velocities and accelerations
can be rewritten using the chain rule as

q̇(s) = q′(s)ṡ, (2)

q̈(s) = q′(s)s̈ + q′′(s)ṡ2, (3)

where ṡ = ds
dt , s̈ = d2s

dt2 , q′(s) = ∂q(s)
∂s and q′′(s) = ∂2q(s)

∂s2 .
Substituting q̇(s) and q̈(s) based on (2)-(3) results in the
following expression for the equations of motion [3]

τ (s) = m(s)s̈ + c(s)ṡ2 + g(s), (4)

where

m(s) = M(q(s))q′(s), (5)
c(s) = M(q(s))q′′(s) + C(q(s),q′(s))q′(s), (6)
g(s) = Fs(q(s))sgn(q′(s)) + G(q(s)), (7)

and where sgn(q̇(s)) is replaced by sgn(q′(s)) using equation
(2) and the fact that the velocity ṡ along the path must be
positive for a trajectory which is time-optimal.

Similarly as in [11], the time-energy optimal path tracking
problem can be expressed as

min
T,s(·),τ (·)

T + γ

∫ T

0

n∑
i=1

τi(t)2

τ2
i

dt, (8)

subject to τ (t) = m(s(t))s̈(t)

+ c(s(t))ṡ(t)2 + g(s(t)), (9)
s(0) = 0, (10)
s(T ) = 1, (11)
ṡ(0) = ṡ0, (12)
ṡ(T ) = ṡT , (13)
ṡ(t) ≥ 0, (14)
τ (s(t)) ≤ τ (t) ≤ τ (s(t)), (15)
for t ∈ [0, T ],

where the torque lower bounds τ and upper bounds τ may
depend on s, where γ is a suitably chosen factor to trade off
time against energy optimality and where τ i for i = 1 . . . n
are suitably chosen values, for example τ i = maxs∈[0,1] τ i(s).
In most cases, ṡ0 and ṡT can be taken equal to 0.

III. REFORMULATION AS A CONVEX OPTIMAL CONTROL
PROBLEM

From equations (8)-(15), it is not obvious to decide whether
any local solution to the problem is also globally time-optimal.
In [11], based on a reformulation, the time-energy optimal

1For a path given in operational space coordinates, inverse kinematics
techniques can be used to obtain the corresponding path in joint space
coordinates [7], [17].

control problem is shown to be convex, such that it can be
concluded that any local optimum of the problem is also
globally optimal. This paper introduces, thanks to the use
of a nonlinear change of variables, an appreciably different
reformulation with a number of attractive properties. First, by
changing the integration variable from t to s, the objective
function (8) is rewritten as

T + γ

∫ T

0

n∑
i=1

τi(t)2

τ2
i

dt =
∫ 1

0

[
1
ṡ

+
γ

ṡ

n∑
i=1

τi(s)2

τ2
i

]
ds. (16)

Second, a(s) = s̈ and b(s) = ṡ2 are introduced as optimization
variables and supplemented with an additional constraint

b′(s) = 2a(s), (17)

which follows from the observation that ḃ(s) = b′(s)ṡ, as
well as ḃ(s) = d(ṡ2)

dt = 2s̈ṡ = 2a(s)ṡ. While this nonlinear
transformation is already recognized in [6], where it is used
for quadrature purposes and for a geometric characterization
of the admissable area of motion, this paper instead uses the
transformed variables directly as the optimization variables,
such that problem (8)-(15) can be reformulated as a convex
problem

min
a(·),b(·),τ (·)

∫ 1

0

[
1√
b(s)

+
γ√
b(s)

n∑
i=1

τi(s)2

τ2
i

]
ds, (18)

subject to τ (s) = m(s)a(s) + c(s)b(s) + g(s), (19)

b(0) = ṡ2
0, (20)

b(1) = ṡ2
T , (21)

b′(s) = 2a(s), (22)
b(s) ≥ 0, (23)
τ (s) ≤ τ (s) ≤ τ (s), (24)
for s ∈ [0, 1].

Problem (18)-(24) is convex since all constraints (19)-(24) are
linear, while the objective function (18) is convex.

Problem (18)-(24) can be regarded as an optimal control
problem in differential algebraic form (DAE), with pseudo-
time s, control input a(s), differential state b(s), algebraic
states τ (s), linear system dynamics (22) and subject to linear
state dependent constraints (19), (23)-(24), as well as initial
and terminal constraints (20) and (21) respectively.

In contrast with the formulation in [11], the reformulated
problem (18)-(24) has only one differential state, while time
does not appear explicitly in the formulation anymore. How-
ever, the true merit of the reformulation (18)-(24), is that,
unlike the reformulation in [11], first, it is clear without proof
that problem (18)-(24) is convex, and second, it becomes very
easy to devise additional objective functions and inequality
constraints that can be incorporated, such that the resulting
optimal control problem is still convex. For the sake of
brevity, a list of possible objective functions and constraints
is omitted and this paper discusses only time-energy optimal
path tracking.



IV. NUMERICAL SOLUTION

The optimal control problem (18)-(24) can be solved using
dynamic programming [5], [6], [15], indirect methods [11],
direct transcription [10], [14] or direct single or multiple
shooting [18]. Section IV-A proposes a direct transcription
method, which leads to a second-order cone program (SOCP)
formulation in Sec. IV-B.

A. Direct transcription

The direct transcription method consists of reformulating
the optimal control problem (18)-(24) as a large sparse opti-
mization problem. To this end, first, the path coordinate s is
discretized on [0, 1], which leads to K+1 grid points s0 = 0 ≤
sk ≤ 1 = sK , for k = 0 . . .K. Second, the functions b(s),
a(s) and τi(s) are modeled, by introducing a finite number
of variables bk, ak, τk

i , which represent evaluations of these
respective functions on the grid points or in between.

Since the velocity of a robotic manipulator cannot change
discontinuously, it is assumed that b(s) which is related to the
velocity, is at least piecewise linear. Based on this assumption
and from equation (22), it follows that a(s) must at least
be piecewise constant and from equation (19), it follows
that τi(s) is then in general piecewise nonlinear. From these
observations, it is natural to assign bk on the grid points sk.
In other words,

b(s) = bk +
(

bk+1 − bk

sk+1 − sk

)
(s− sk), (25)

for s ∈ [sk, sk+1] and hence, b(sk) = bk. ak and τk
i are

evaluated in the middle between the grid points sk, namely
at sk+1/2 = (sk + sk+1)/2. After introducing the variables
ak = a(sk+1/2) and τ k = τ (sk+1/2), for k = 0 . . .K−1 and
given the fact that b(s) is piecewise linear, the integral (18)
can be approximated as

∫ 1

0

[
1√
b(s)

+
γ√
b(s)

n∑
i=1

τi(s)2

τ2
i

]
ds

≈
K−1∑
k=0

[
1 + γ

n∑
i=1

(τk
i )2

τ2
i

] ∫ sk+1

sk

1√
b(s)

ds. (26)

To handle integrable singularities, that is, where b(s) = 0,
1/

√
b(s) is treated separately. Using equation (25) to calculate

the integral in equation (26) analytically, the right-hand side
of equation (26) can be rewritten as

K−1∑
k=0

[
1 + γ

n∑
i=1

(τk
i )2

τ2
i

]
2∆sk

√
bk+1 +

√
bk

, (27)

where ∆sk = sk+1 − sk. After introducing the shorthand no-
tation bk+1/2 = (bk + bk+1)/2, problem (18)-(24) is rewritten

in discretized form as a large scale optimization problem

min
ak,bk,τk

K−1∑
k=0

2∆sk(1 + γ
∑n

i=1(τ
k
i )2/τ2

i )√
bk+1 +

√
bk

, (28)

subject to τ k = m(sk+1/2)ak

+ c(sk+1/2)bk+1/2 + g(sk+1/2), (29)

b0 = ṡ2
0, (30)

bK = ṡ2
T , (31)

(bk+1 − bk) = 2ak∆sk, (32)

bk ≥ 0 and bK ≥ 0, (33)

τ (sk+1/2) ≤ τ k ≤ τ (sk+1/2), (34)
for k = 0 . . .K − 1.

Due to the convexity of problem (28)-(34), any local optimum
is also globally optimal such that the problem may be solved
using any general purpose nonlinear solver. However, by
rewriting problem (28)-(34) as a second-order cone program
(SOCP), it can be solved even more efficiently, using a
dedicated solver for these types of problems.

B. Second-order cone program formulation

An SOCP has the following standard form [19]

min
x

fT x, (35)

subject to Fx = g, (36)

‖Mjx + nj‖2 ≤ pT
j x + qj , (37)

for j = 1 . . .m.

Reformulating problem (28)-(34) in this form requires a
number of steps. First, (28)-(34) can be reformulated as
an equivalent problem with a linear objective function, by
introducing variables dk for k = 0 . . .K − 1, such that
objective function (28) can be rewritten as

K−1∑
k=0

2∆skdk. (38)

It is then necessary to augment problem (28)-(34) with the
inequality constraints

(1 + γ
∑n

i=1(τ
k
i )2/τ2

i )√
bk+1 +

√
bk

≤ dk, for k = 0 . . .K − 1, (39)

Second, to obtain an SOCP, constraints (39) can be replaced
by two equivalent constraints by introducing variables ck for
k = 0 . . .K as

(1 + γ
∑n

i=1(τ
k
i )2/τ2

i )
ck+1 + ck

≤ dk, for k = 0 . . .K − 1, (40)

ck ≤
√

bk, for k = 0 . . .K. (41)

Inequalities (40) and (41) can then be rewritten as two second-
order cone constraints (47) and (48) of the general form (37),



thus yielding an SOCP in standard form

min
ak,bk,τk,ck,dk,ek

K−1∑
k=0

2∆skdk, (42)

subject to τ k = m(sk+1/2)ak

+ c(sk+1/2)bk+1/2 + g(sk+1/2),
(43)

b0 = ṡ2
0 and bK = ṡ2

T , (44)

(bk+1 − bk) = 2ak∆sk, (45)

τ (sk+1/2) ≤ τ k ≤ τ (sk+1/2), (46)∥∥∥∥∥∥∥∥∥∥
2

2
√

γτk
1 /τ1

. . .
2
√

γτk
n/τn

ck+1 + ck − dk

∥∥∥∥∥∥∥∥∥∥
2

≤ ck+1 + ck + dk,

(47)
for k = 0 . . .K − 1, and∥∥∥∥ 2ck

bk − 1

∥∥∥∥
2

≤ bk + 1, (48)

bk ≥ 0, (49)
for k = 0 . . .K.

where ak, τ k, dk are defined for k = 0 . . .K − 1 and bk, ck

for k = 0 . . .K. While the formulation as an SOCP is not
straightforward and requires auxiliary variables ck and dk, it
allows us to use mature solvers [20] that exploit the specific
SOCP structure very efficiently and which have a much better
worst-case complexity than solvers for more general types of
convex programs, such as semidefinite programs [21].

The formulation (42)-(49) can be implemented directly and
very easily using the free high-level optimization modeling
tool YALMIP [22], which also allows us to test various solvers.

V. NUMERICAL EXAMPLE: WRITING TASK

While it is verified that the method in Sec. IV is able to
reproduce results such as in [6], it is applied to a more complex
example involving a six-DOF manipulator, to illustrate the
practicality of the method. Sec. V-A discusses the manipulator
and the path, while the results are presented in Sec. V-B.

A. Introduction

In the context of programming by human demonstration
[23], it may be desirable for a manipulator to track a human-
generated path, but not necessary or even undesirable to
enforce the path-time relation established during the demon-
stration. Time-optimal path tracking can speed up these types
of tasks considerably.

Considered here is a six-DOF KUKA 361 industrial ma-
nipulator carrying out a complex writing task (Fig. 1). The
objective is to write a text on a plane parallel to the XY-plane
(Fig. 1), while keeping the end-effector oriented in the negative
Z-direction at a height of z = 1.2 m. The end-effector path
parallel to the XY-plane is shown separately in Fig. 2, where
the value of the path coordinate s ∈ [0, 1] along the path is

q1

q2

q3

X

Y

Z

Fig. 1. A six-DOF KUKA 361 industrial manipulator performing a writing
task.

shown in steps of 0.05. This type of path features long smooth
segments as well as sharp edges between different character
segments. Therefore, a lot of switching is expected to realize
the time-optimal trajectory, such that the grid on which the
problem is solved needs to be sufficiently fine.
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Fig. 2. The path in the plane parallel to the XY-plane.

B. Time-optimal path tracking results

Considering at first only time-optimality (γ = 0), the
method in Sec. IV yields a trajectory duration of 11.3 s
(K = 1999), while the corresponding torques τ for the first2

three axes are shown as a function of the path coordinate s
in Fig. 3 (s = 0.55 . . . 0.8). Figure 3 indicates that a lot of
switching is necessary and that the torque for axis two, which
is heavily loaded by gravity, is saturated for a considerable
part along the path. Figure 4 shows the joint velocities for the
first three axes for s = 0.55 . . . 0.8. Although interpretation
is in general difficult, it can be intuitively understood that a

2The torques for the last three axes are omitted, because the first three axes
are more heavily loaded.
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Fig. 3. The joint torques τ as a function of the path coordinate s for the
first three axes for the path shown in Fig. 2 and for γ = 0.

low velocity is required for the sharp edge of the letter “c”
at s ≈ 0.57, while the subsequent long smooth arc can be
executed at a much higher velocity. Despite the relative non-
smoothness of the path, sharp segments of the path pose no
problem to the solution method.
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Fig. 4. The joint velocities q̇ as a function of the path coordinate s for the
first three axes for the path shown in Fig. 2 and for γ = 0.

When solving the problem on an Intel Pentium 4 CPU
running at 3.60 GHz and with τ k and ak eliminated as opti-
mization variables, YALMIP reports a solver time of 2.87 s.
To allow the reader to perform own optimization studies and to
allow a fair comparison with other algorithms, a downloadable
Matlab implementation has been made available [24], as well
as a software-rendered video showing the manipulator carrying
out the trajectory.

C. Time-optimality versus energy-optimality

The limited solver times allow us to calculate the solution
of (42)-(49) for a large number of different weighting factors γ
to investigate the effect on the time-optimality of the solution.
Here, time-optimality and energy-optimality are traded-off by
varying γ. Two important motivations for having a nonzero
γ > 0 is to limit the rate of change of the torques [14], such
that the actuators can better handle the torque demand and
to limit the thermal energy dissipated by the actuators, so
as to prevent actuator overheating if the task is carried out
repeatedly [25].

Figure 5 shows the relation between the trajectory
duration T and the thermal actuator energy∑n

i=1

∫ T

0
(τi(t)2/τ2

i )dt if γ is varied between 0 and
100.6. Both objectives are normalized through division
by their values for γ = 0. The resulting trade-off curve
reveals that a 10% increase in trajectory duration, results in a
spectacular 50% reduction of the thermal energy dissipated by
the actuators (labeled (1) in Fig. 5), while a further increase
in trajectory duration to 20% results in only 65% reduction
of the thermal energy (labeled (2) in Fig. 5). These results,
as well as the steep trade-off close to γ = 0, numerically
quantify the engineering intuition that true time-optimality
comes at a significant energy cost. Fig. 5 illustrates very well
the use and the practicality of an efficient numerical algorithm
to investigate the effect of trading off time-optimality against
other criteria such as energy.
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Fig. 5. The normalized trajectory duration versus the normalized integral of
the squares of the torques.

VI. DISCUSSION

The reformulation and SOCP-based solution method pre-
sented in Secs. III and IV are very appealing from both a
theoretical and a numerical point of view: the global optimum
of time-energy optimal planning is guaranteed to be found
within a few CPU seconds of computation time.

Unfortunately, it is difficult to compare the numerical effi-
ciency of our method to that of other methods [3]–[7], [9]–
[11], [13]–[15], since, to the best of the authors’ knowledge,
no detailed solution times and actual implementations are
publicly available for most of these methods. However, even
if these methods were faster, the authors would perceive this
as only a minor shortcoming of the presented method, since
the computational times are sufficiently short to be practical
in academic and industrial practice.

Two other key aspects of the presented method are the
flexibility and ease of implementation. With regard to flex-
ibility, the indirect methods [3], [4], [6], [7], [9], [13], ex-
cept [11], can only take into account time-optimality and
actuator constraints, and therefore do not feature the same
flexibility as the dynamic programming [5], [6], [15] and
direct transcription methods [10], [11], [14]. The latter two
categories of methods do not restrict the choice of constraints



nor objective function. The price to be paid is that the global
optimum is not guaranteed to be found. Although a list of
possible objective functions and constraints is omitted, our
method is more restricted and can only handle a limited set
of objective functions and constraints. However, this limited
set also constitutes the very essence of the efficiency of the
presented method.

With regard to ease of implementation, the indirect meth-
ods [3], [4], [6], [7], [9], [11], [13] are procedural in nature
and require implementation of a number of substeps, all of
which require the choice of a method, tolerances and stopping
criteria. The dynamic programming approaches [5], [6], [15]
are also procedural in nature although their implementation
involves less numerical choices. Direct transcription methods
[10], [14] are more straightforward to implement, but a numer-
ically efficient implementation requires an in-depth numerical
analysis. Conversely, the method in Sec. IV requires only the
choice of a transcription scheme, and the main difficulty lies
in enforcing the SOCP structure in the resulting program.
The actual implementation is, however, very easy, while the
efficiency of the implementation follows from the use of an
SOCP solver.

Future work will focus on improving the experimental appli-
cability of the time-optimal path tracking method and consists
of mitigating two key issues. First, the limited bandwidth
of any physical actuator implies that infinitely fast torque
jumps cannot be realized. Therefore, it will be investigated
how the presented method can be extended to efficiently take
into account constraints on the rate of change of the torques.
Second, it will be investigated how viscous and other joint
velocity dependent friction phenomena can be accommodated
for in the presented method.
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[22] J. Löfberg, YALMIP, Yet another LMI parser. Sweden: University of
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